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Embedded Function Approach for Turbulent Flow Prediction
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In conventional prediction methods for the influence of turbulent flow on surface properties, very small mesh
sizes and considerable computational effort are required to adequately resolve the intense velocity and temper-
ature profile variations that occur in the wall layer. In this study, an approach is described wherein an outer
region numerical solution is smoothly matched to a set of embedded analytic profile functions in the near-wall
region; these profile functions have been derived through consideration of the coherent structure of the time-de-
pendent near-wall flow to provide analytic expressions for the mean velocity and enthalpy profiles in the wall
layer. The concept is demonstrated through example applications to turbulent boundary-layer flows in two
dimensions. The technique is shown to be very efficient, and it is demonstrated that a reduction of approximately
half the mesh points across the layer may be realized (as compared to conventional methods) with no degradation
in accuracy.

Nomenclature
BI = wall layer "log-law" constant for total enthalpy
B0 = outer region "log-law" parameter for total enthalpy
Cf = skin friction coefficient, 2u^/Ug
C* = specific heat at constant pressure
C/ = inner wall-layer "log-law" constant for velocity
C0 = outer "log-law" parameter for velocity
F = scaled velocity, u/Ue
H = dimensionless total enthalpy, Eq. (1)
/ = total enthalpy ratio, H/He
Iw = total enthalpy ratio at wall, H^/He
K = outer region eddy viscosity constant, Eq. (28)
Kh = outer region eddy conductivity constant, Eq. (31)
Lr*f = representative length
Me - mainstream Mach number
n = normal coordinate
Pr = Prandtl number
p = pressure
q* = dimensionless heat flux, Eq. (16)
Reref - Reynolds number
r = dimensionless radius of revolution
St = Stanton number, Eq. (18)
s = streamwise coordinate
T = dimensionless temperature
TB = wall-layer burst period
Ue = dimensionless mainstream velocity
t/r?f = representative flow speed
U + = wall-layer velocity profile function
u = streamwise velocity
u* = scaled friction velocity, ur/Ue
UT = dimensionless friction velocity
V = quantity defined by Eq. (6b)
v = transverse velocity
Y + = scaled wall-layer normal coordinate

Received May 11, 1987; presented as Paper 87-1464 at the AIAA
19th Fluid Dynamics Conference, Honolulu, HI, June 8-10, 1987;
revision received Aug. 13, 1990; accepted for publication Sept. 14,
1990. Copyright © 1990 by the American Institute of Aeronautics and
Astronautics, Inc. All rights reserved.

*Professor, Department of Mechanical Engineering and Mechanics.
Member AIAA.

f Graduate Research Assistant, Department of Mechanical Engi-
neering and Mechanics.

^Director, Technology Resources. Associate Fellow AIAA.

7
<5*
A

= Clauser pressure gradient parameter, Eq. (34)
= specific heat ratio
= dimensionless displacement thickness
= outer region normal scale, Eqs. (4) and (36)
= scaled independent variables, Eq. (4)
= eddy viscosity and conductivity coefficients
= von Karman constant (0.41)
= inverse slope of the total enthalpy profile
= density
= viscosity
= wall-layer enthalpy profile function

Subscripts

ref = reference quantities
e — mainstream quantities
w = quantities evaluated at the wall

I. Introduction

I N the numerical computation of turbulent flows, a substan-
tial number of the total mesh points arid a significant

amount of iterative computational effort are required to ade-
quately resolve the relatively intense temperature and velocity
profile variations that occur near solid walls. In a typical vis-
cous flow prediction method, which attempts to compute the
mean flow all the way to the wall, on the order of 50% or more
of the total mesh points will be used in the wall-layer region;
here the term "wall layer" is understood to denote the portion
of the flowfield ranging from the wall itself (at y = 0) to loca-
tions in the flow where the mean velocity and temperature
profiles are effectively logarithmic in normal distance y from
the wall. In most circumstances, the turbulent mean flowfield
is double-structured; for external flows, the mean structure
consists of an outer inviscid region and a relatively thin wall
layer,1'3 whereas for internal flows, the structure consists of an
effectively inviscid core flow1 and a thin wall layer. In this
study, an efficient and accurate scheme to model and compute
the mean flow and temperature fields in the wall layer is de-
scribed.

It is well known that the equations governing the mean flow
in the outer region of an attached viscous flow (or the core
region of an internal flow) may be reasonably well-represented
using relatively simple turbulence models. For example, in the
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model of Mellor and Gibson,4 the eddy viscosity function is
initially linear in y (in order that the mean profile near the wall
be logarithmic) and at a specific value of y becomes constant
throughout most of the outer region. This model forms the
basis for the outer region model for a number of modern
turbulence prediction methods.5'6 To satisfy the no slip condi-
tion at the wall, it is necessary to introduce an inner region
model for the wall layer, and the conventional approach5 is to
modify the linear eddy viscosity near the wall by multiplying
by the Van Driest damping function. This function originates
in an analysis of the time-dependent flow in the wall layer
carried out over 30 years ago by Van Driest7; unfortunately,
modern experimental studies8'10 show that the physical picture
of the wall-layer flow that forms the basis of the Van Driest
model is fallacious. Nevertheless, a variety of ad hoc correc-
tions and correlations have been appended5 to the Van Driest
damping function over the years to account for various effects,
such as pressure gradients and wall blowing. One objective of
the present study was to develop an approach to replace such
inner region models using rational mechanics concepts.

The present methodology may be described as an embedded
function (EF) method in which the mean velocity and enthalpy
profiles in the wall layer are represented by analytical func-
tions directly embedded into the finite difference representa-
tion of the flow. These inner region profiles are based upon
consideration of the experimentally observed coherent struc-
ture of the time-dependent wall-layer flow.8'12 In the approach
described here, an outer layer numerical solution is continually
matched along the entire surface to the analytical wall-layer
profiles.

It is worthwhile to note that the present method bears an
apparent but superficial similarity to the early wall-function
methods described by Launder and Spalding.13 Because of the
obvious mesh and computation economies that can accrue
with such an approach, there has been considerable interest in
developing computational algorithms for turbulent flows that
incorporate wall-function concepts.14'16 In the conventional
wall-function approach,14'16 an outer layer numerical solution
is patched to an inner logarithmic "law of the wall" at the first
mesh point off the wall; the wall-layer profile is generally
formed by patching an extension of the logarithmic law deep
into the wall layer onto an assumed linear velocity profile close
to the wall. The present method is significantly different in
application and background from current wall-function meth-
ods. First, the outer region numerical solution is matched to an
analytical wall-layer profile, which smoothly spans the entire
distance from the logarithmic region to the wall. Second, the
joining of the outer layer numerical solution and wall-layer
analytical profiles is accomplished through smooth asymptotic
matching (vs patching); skin friction and heat transfer coeffi-
cients are obtained from algebraic relations that arise from the
analysis and that ensure a proper matching (in the asymptotic
sense) between the outer region numerical solutions and the
analytical wall-layer models. Third, the smooth joining of the
outer region numerical solution to the rapidly varying wall-
layer velocity near the surface involves some subtle but impor-
tant aspects that are not addressed in conventional wall-func-
tion methods (which may account for the difficulties
experienced by some authors using wall functions). A crucial
feature of the present technique is that a scaled normal vari-
able is introduced to ensure a smooth matching of the outer
layer numerical solution and the wall-layer functionals as the
calculation proceeds downstream; this aspect will be discussed
in detail subsequently. It should be noted that the present
method is in a similar spirit to another recent scheme17 in
which a "law of the wake" formula was adopted close to the
surface; in a numerical solution for the flow in the outer re-
gion, the first mesh point off the wall was taken well above the
overlap zone between the inner and outer layer. In contrast,
the present methodology carries out the match in the overlap
zone to the embedded functions, which then span the remain-
ing distance to the wall.

Edge of viscous
layer

Body surface

Fig. 1 Coordinate system.

The plan of the paper is as follows. In Sec. II, the governing
equations are described and the problem is formulated. The
asymptotic behavior of the outer region solution near the wall
is discussed in Sec. III. The simple outer region turbulence
models used in this study are given in Sec. IV; note that the
methodology can readily be applied to more complicated outer
region models and the simple models used here are primarily
for demonstration purposes. An outer layer scaling function,
which ensures that the outer region numerical solution
matches the wall-layer profiles at a constant value of Y + as the
calculation proceeds downstream, is discussed in Sec. V. The
numerical methods associated with the treatment of the
asymptotic boundary conditions near the wall are described in
Sec. VI, and sample calculated results are given in Sec. VIII.

II. Formulation
Consider a two-dimensional attached viscous flow on either

a planar surface or a body of revolution; the coordinate system
used is orthogonal and associated with the contour of the wall,
as indicated in Fig. 1.

Here s and n measure distances in the directions tangential
and normal to the body surface, respectively, and u, v, are the
corresponding velocity components. In addition, r is the di-
mensionless radius of revolution for an axisymmetric body,
with r = 1 for a two-dimensional planar flow. In the equations
that follow, all lengths and velocities have been made dimen-
sionless with respect to Lr*f and £/r*f, a representative length
and flow speed, respectively; the density and absolute viscosity
are made dimensionless with respect to reference quantities pfef
and jufef, respectively. Throughout the paper an asterisk super-
script denotes a dimensional quantity. The dimensionless total
enthalpy (with respect to C/r*f2) is given by

(i)
where T is dimensionless temperature (with respect to U^2/
Cp, where C* is the specific heat at constant pressure). The
reference Reynolds number and Prandtl number are defined
by

= Pr*ef & /jLt* f (2a)

(2b)

where k* is the thermal conductivity. The ideal gas law

(3)

is used as the equation of state, where 7 = C*/C* is the ratio
of specific heats; the viscosity JJL is computed at any location as
a function of T alone from the Sutherland relation.6

The present method applies to situations where the flow near
the wall is fully turbulent, and the transformations described
here are tailored specifically to this situation. A new set of
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normalized coordinates are defined by

= peiJieUer2ds,
o

UerY

where Y is the Howarth-Dorodnitsyn variable

Y=\ pdn
. o

(4)

(5)

Here a subscript e denotes a quantity evaluated at the bound-
ary-layer edge. The transverse coordinate 77 is defined in terms
of a function A(£), which is proportional to the local
boundary-layer thickness; the proper selection of this function
is important to the success of the method and a specific choice
for A will be described subsequently in Sec. V. Normalized
dependent variables are defined according to

' = u/Ue,

1
Pei*.Uer2 (^ A a5-

/ = H/Ht

F

(6a)

(fib)

and for the outer region, a dimensionless eddy viscosity coeffi-
cient e and eddy conductivity coefficient e# are defined by

-u'V aw
: d n 9 -vr H' = dH

dn (7)

It should be noted that this choice of turbulence model is not
central to the theme of this paper and is adopted here as a
convenient and simple selection.

It is easily shown18 that the two-dimensional compressible
boundary-layer equations become

A' „ dF dV
~TF+ IF + ̂ -=
A a£ dy

a/ a/ a L a />2\~| a (7 a/FTP + v^- = aT A r ~ l ^ r ) + T-UT-a£ drj d r j l drj\2 / J drj \ drj

in which the following definitions have been used:

Me

(8)

(9)

(10)

(Ha)

(lib)

(lie)

(lid)

(He)

Here, Me denotes the local mainstream Mach number, and the
prime in Eq. (8) denotes differentiation with respect to £.
These equations are to be solved subject to the conditions

[(7-l)/2jM2

- =

—>! as rj^ (12)

at the boundary-layer edge.
In a conventional boundary-layer prediction method,5'6

a turbulence-model distribution is assumed for both the outer
region and the wall layer; the velocity and enthalpy profiles
are then computed all the way to the wall, subject to the

additional boundary conditions F = K = 0, I = IW =Hw/He at
7 = 0. In the present method, the numerical calculation is
carried out only in the outer region of the boundary layer and
matched onto a set of inner region profiles spanning the wall
layer; these wall-layer profiles are functions of the scaled inner
variable

(13)

where u* is the ratio of local skin friction to mainstream
velocities defined by

u* = ur

Ue>
u2 = fiw du_

pwReTef dn (14)

Here, a subscript w indicates that a quantity is evaluated at
the wall. Note that the inner variable in Eq. (13) is de-
fined in terms of the Howarth-Dorodnitsyn variable but,
for small n (near the surface), is equivalent to the conventional
(incompressible) definition of the wall layer coordinate
y+ =L?efU?n/i>*, where an asterisk denotes a dimensional
quantity. A general asymptotic analysis10'18 shows that leading
order velocity and enthalpy distributions in the wall layer are
of the form

(15a)

(15b)

where

/ -
" " He '

(16)

and qw is the local dimensionless heat flux from fluid to wall,
defined by

ar*
' 'dn* (17)

Again, asterisks denote dimensional quantities. Note that it is
possible to express the dimensionless heat flux q* in terms of
a Stanton number in the following manner:

e (He - Hw) (18)

The profile functions U+ and 6+ have the following general
asymptotic forms18'20:

u+ ~-iogr+
K

(19a)

(19b)

as Y+ —>oo at the outer edge of the wall layer. Here, K is the
von Karman constant and KQ is the analogous quantity for the
total enthalpy distribution; C/ and Bt are constants. The
specific inner region profile models, as well as how *#, Bi9 C/
are determined, will be discussed in Sec. IV.

III. Asymptotic Behavior Near the Wall
In the outer region of the viscous layer, the velocity and

enthalpy distributions may be written in the form of a defect
law according to

(20a)

(20b)

where Iw=Hw/He. Here, U\ and GI are defect functions of
the outer variable 77, defined in Eq. (4); a general asymptotic
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analysis19'20 shows that both functions must be logarithmic, as
r/—0 in order to match the wall-layer profiles near the wall,
whose limiting form is given by Eqs. (19). Note that there are
some changes in the notation and scalings in this paper from
Ref. 18, which now reflect a more general approach.20 The
general form of F and / near the wall is independent of turbu-
lence model19'20 and is given by

F - as 17—>

as TJ —>0

(21a)

(21b)

Here B0 and C0 are generally functions of the streamwise
variable £ that depend implicitly on the turbulence model and
that are generally determined in the course of the calculations.
The variable V is related to the transverse velocity v through
Eq. (6b), and it is easily shown from Eq. (8) [as well as the
velocity match condition (23a)] that in general

- + , as r^O (22)

In this equation, Fis understood to have the asymptotic form
indicated by Eq. (2la), and the primes denote differentiation
with respect to J; in addition, the inner region log-law parame-
ter d [c.f., Eq. (19a)] is assumed constant. Note that Eq. (22)
applies for a solid wall and that a modificaiton of the theory
would be required for walls with transpiration.

In the present method, the numerical solution of Eqs. (8-10)
was obtained subject to the boundary conditions (12) and
the asymptotic conditions (21) and (22), as 17-^0. In order to
obtain a smooth match to the wall-layer profile functions,
two algebraic relations, which will be referred to as the "match
conditions," must be satisfied. The match condition for the
velocity and enthalpy profiles follow from comparison of
Eqs. (15), (19), and (21), and these are

q* t - B0

(23a)

(23b)

These important relations connect q* and u* to the character-
istic parameters of the velocity and enthalpy profiles and are
subsequently used to determine the local skin friction and heat
transfer coefficients.

IV. Turbulence Models
It is, in general, necessary to specify a turbulence model for

both the wall layer and the outer regions of the boundary
layer. Asymptotic theory1'2'20 shows that, in the limit of large
Reref, the convection terms in the streamwise momentum
equation are negligible to leading order in the wall layer, and
the mean flow is determined through a balance of the viscous
and Reynolds stresses. Consequently, it is possible to model
either the Reynolds stress or the mean profile for the wall
layer; the remaining unknown quantity may then be deter-
mined by integration from the wall. In recent studies,10'12 the
extensive experimental studies of the dynamics of the time-
dependent flow in the wall layer of a turbulent boundary layer
have been reviewed. It emerges that the main contributions to
Reynolds stress and turbulent heat flux occur in the turbulence
during brief periods when the wall layer interacts strongly with
the outer flow. Such discrete events are extremely difficult to
model, and Walker et al.10 argue that an alternative approach
is to model the contributions to the mean profiles that occur
continuously as the turbulent flow in the wall layer evolves in
time. In the model described by Walker et al.,9)1° the observed
coherent structure and cyclic behavior of the wall-layer flow

are considered and the leading order equations describing the
time-dependent wall-layer flow are obtained; possible time-
dependent solutions of these equations are investigated, and
these solutions are then time-averaged over a typical cycle to
produce analytical models for the mean wall-layer profiles U+

and 0+. These profiles are analytical expressions that satisfy
Eqs. (19), as y+-*oo and the compatibility conditions9'10

d£/4

dY*

8Y+

82U+
 = d3U+

dY+2 ~ dY+3

d2e+ 83e+

= 0 at Y+ = 0 (24)

= 0 at r+ = 0 (25)

at the wall. The profiles have the functional form

e 9 T J ) (26)

where 7^ is the mean period between bursts in the wall layer.10

In this study, universal values of K = 0.41 for the von Karman
constant and T£= 110.2 for the burst period were assumed;
note that these values yield the commonly accepted value of
the wall-layer log-law constant C/ = 5.0, and further that the
assumed value of Tg is consistent with direct experimental
measurements of this quantity.10 The heat transfer problem is
complicated by the fact that KO is not a universal constant, and
careful comparison19 with experimental data show that KO de-
pends on local flow conditions. The following relations have
been obtained from asymptotic theory19'20 and express KO in
terms of either St or q*:

St q* (27)

This relation, as well as T£ = 110.2, was used in the present
study; thus, Bf and the wall-layer profile 0+ may be completely
determined.20 Both wall-layer profiles are summarized in the
Appendix.

With the wall-layer velocity and enthalpy profiles known, it
is only necessary in the present approach to adopt a turbulence
model for the outer region of the boundary layer. The follow-
ing simple model was adopted for the eddy viscosity in Eq. (7):

PePw

where

11m -
rpeUe5* (K

Aw* K = 0.0168

(28)

(29)

K = 0.41 is the von Karman constant and 6* is the dimensionless
(incompressible) thickness, defined by

(30)6*= (l-F)dn

This type of outer region model is fairly common.4'6 The linear
dependence in Eq. (28) for small rj is necessary to obtain a
logarithmic behavior in F; on the other hand, the assumed
constant behavior for large r/ yields the proper exponential
decay in F, as 77^00. The simplest model meeting these re-
quirements is the "ramp" formula defined in Eq. (28), with
the patch point at 77 OT defined as a function of £ by Eq. (29).
A further point is related to the density factors introduced in
Eq. (28). It is usually assumed5'6 that turbulence models that
have been developed for incompressible flow can be extended
without modification to the high-speed compressible regime.
However, a recent study20 shows that this procedure can give
inconsistent results; the model in Eq. (28) is self-consistent at
high Mach numbers20 and reduces to the essential features of
the Cebeci-Smith model5 in the limit of low Mach numbers.
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A similar model was adopted for the eddy conductivity func-
tion in Eq. (7) according to

where

11'11

rpeUed* (Kh
AM*

(31)

(32)

The local variation of KB is described by Eq. (27). In addition,
it has also been determined19 that Kh exhibits a small but
significant dependence on pressure gradient; the following cor-
relation19 for Kh was used.

0.0245- 0.002760C, 0C < 2
0.0190, /3C>2

(33)

where /3cis the Clauser pressure gradient parameter defined (in
the present variables) by

_ dp*/dx*
(34)

It should be noted that this model for the turbulent heat flux
term has been developed independent of any type of Reynolds
analogy argument; the model has been shown to yield excellent
heat transfer predictions19 in range -0.6</3C<2.0 where re-
liable data are available. For strong adverse pressure gradients
(0C>2.0), where it has not been possible to test the model
against data, a constant value of Kh was used in Eq. (31). It
should be noted that the outer region turbulence models
(28) and (31) have been modified from those given in Ref. 18
to reflect recent work20 associated with supersonic turbulent
boundary layers. For low Mach number flows, the present
models become essentially the same as the models used in
Ref. 18.

V. Outer Scale
To completely define the prediction algorithm, it remains to

discuss the selection of the outer region scale A, introduced in
Eq. (4). For each value of rj there is a corresponding value of
F+, and using Eqs. (4) and (13), it may be seen that the two
variables are related by

Y+ = (35)

In the (£,77) coordinate system, the calculation of the solution
of Eqs. (8-10), proceeds downstream along lines of fixed 77,
starting from some initial £ station. Denote the mesh line
closest to the wall by 77 = 772 (see Fig. 2) and assume that this is
where the match to the wall-layer profile functions is to be
made.

In principle, many choices are possible for A, subject to the
requirement19'20 that A is 0(w#); however, if Ym denotes the
value of Y+ corresponding to 77 = 77 2 at the initial £ station, the

n = 4

n = 3

values of Y+ corresponding to r/2 at successive stations down-
stream will in general differ from Ym. It is possible to guaran-
tee that the match point at 77 = 7/2 corresponds to a fixed value
of Y+ at all downstream locations by selecting A according to

(36)

A typical value of loused was Ym — 60 and, as the calculation
proceeds downstream, A(£) is determined at each stream wise
location from Eq. (36). It is worthwhile to note that for the
choice of A, the asymptotic form of Knear the wall in Eq. (22)
becomes

(37)~ i ? - + — — -F\ as 77^0

Here again F denotes the asymptotic form given in Eq. (21a),
and the primes denote differentiation with respect to £.

VI. Numerical Methods
The numerical method used to advance the solution of Eqs.

(8-10) from an initial £ station is described in detail in Ref. 18.
It is a first-order accurate implicit marching scheme in which
streamwise gradients are approximated by simple backward
differences and second-order accurate differences are used for
the 77 derivatives at the current £ station. The boundary condi-
tions (12) are applied at a large but finite value of 77, as an
approximation, as the calculation proceeds downstream. The
basic numerical scheme is therefore standard6'18 and the only
novel treatment of the asymptotic boundary conditions will be
considered in detail here.

The difference equations are a set of nonlinear algebraic
equations. To solve these equations, it is convenient to write

Fn=~Fn+bFn (38a)

In=ln+bln

(38b)

(38c)

Fig. 2 Mesh numbering system near the wall.

at each internal mesh point, where «=2,3, . . . ,Af; the number-
ing system is depicted schematically in Fig. 2. In these equa-
tions, the overbar denotes a known estimate (either from the
previous £ station or the previous iteration at the current sta-
tion). When Eqs. (38) are substituted into the difference equa-
tions and quadratic terms in 5Fn, dVn, or dln are neglected, a
set of linear difference equations are obtained at any stage.
These equations were solved by a generalized form of the
Thomas algorithm,18 which has back-substitution recurrence
equations of the form

5FH = An+BH5Vn-l + CndFH-l+DndIn (39a)

bln = An + Bn&Vn-i + CnSFn-i + Dndln (39b)

6Vn = A* + 6Fn_! + C*dFn^+E*dIn (39c)

Specific formulas for the coefficients in Eqs. (39) are given in
Ref. 18.

The asymptotic conditions (21) and (37) were incorporated
into the basic numerical scheme in the following way. The two
mesh points 772 and 773 (see Fig. 2) were selected close enough to
the wall so that the asymptotic forms (21) and (37) may be
assumed to give a good representation of the solution; typi-
cally, the values of 7j2 and 773 were such that Ym ~ 60 at 77 = 772,
and 773 was selected a small percentage larger than the value of
772- It follows that

(40)
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KB
(41)

Note that these relations do not contain the outer region log-
law functions C0 and BQ (which are to be found at any £
station) and, for a given estimate of «# and #*, may be thought
of as fixing the profile slopes near the wall. The expression for
V at the first mesh point from the wall is

(42)

It is possible to write Eqs. (40-42) in the following delta forms:

<5F3 = dF2 + M (43a)

6/3 = 6/2 + L (43b)

5V2 = JdF2 + K (43c)

where, for example,

(44)

and the over bar denotes estimates of the indicated quantity
from the previous iteration. Similarly, expressions for /, K,
and L are easily obtained.18 Upon substitution of Eqs. (43) into
the first two of the back substitution formulas (39) to eliminate
6F2, 6/3, and dV2. It may be inferred that two equations for
dF2 and 5I2 are obtained18; the solution of these two equations
was used at any stage to initiate a back substitution in Eqs. (39)
to determine values of dFn, dVn, and dln across the boundary
layer (n =3,4,. . . ,N).

At any given £ station, an iterative method of solution is
necessary. This was accomplished as follows. At any stage,
estimates of u* and q* are available either from a previous
iterate or, at the first iteration, from values at the previous £
station. With these estimates, new iterates for the outer scale
in Eq. (36) and the coefficients in the difference equations were
computed. A solution of the difference equations was then
carried out to produce new velocity and enthalpy profiles.
Using the new values of F and 7 at rj = 77 2, revised estimates of
the outer region log-law parameters C0 and B0 were obtained
from Eqs. (21). Note that these quantities are functions of £,
and are determined as the computation proceeds downstream.
New estimates of the local skin friction and heat transfer were
then obtained by solving the match conditions (23) for u* and
q*, respectively. This process was continued at each £ station
until convergence occurred.

VII. Calculated Results
The Embedded Function (EF) method has been applied here

to situations where the flow is fully turbulent. To start a cal-
culation, a set of profiles at some initial station is required.
These initial profiles were obtained in two ways. In the first
scheme, a conventional finite-difference technique (the UTRC
ABLE6'18 code) was used to provide an initial set of profiles in
the fully turbulent regime for a given geometry, as follows. A
computation is initiated by solving the laminar similarity equa-
tions at a front stagnation point. The calculation then proceeds
downstream, evaluating the solution of the laminar boundary-
layer equations. The streamwise locations where transition
starts and ends are input variables to the calculation. This
computation proceeds through the streamwise extent of transi-
tion and then into the fully turbulent regime, using a Cebeci-
Smith5'6 turbulence model. In the first set of calculations de-
scribed here, the ABLE code6 provided a set of profiles at a
streamwise station, £ = £m- i , for a selected location down-
stream of the end of the transition zone. At this station, it was
convenient1'2° to define the initial outer region scale according

to A = rpeUed*/u*, with subsequent values in the downstream
direction being determined from Eq. (36). With the 17 mesh
defined at £ m _ i , the mesh point corresponding to the closest
point to Y+ =60 was designated as ^ 2 > and all inner region
mesh points for t]<f}2 were dropped from consideration. In a
typical calculation,6 on the order of 50% of the mesh points
may be eliminated in this manner. The computation was then
continued downstream in the outer region using the simple
models in Eqs. (28) and (31) and the wall-layer profiles. In a
second set of calculations, the initial profile at £ w_ i was gener-
ated independently from the ABLE code through a numerical
solution of self-similar turbulent profile equations.18

Some examples obtained using the first method of generat-
ing initial profiles will be described here. The computed results
will be compared with experimental data, as will the results
predicted by the continuation of the original finite-difference
solutions, using the ABLE code,6 in order to provide a com-
parison with a conventional prediction method. In Fig. 3,
calculated results for skin friction and Stanton number for a
constant pressure flow are shown. The experimental data
in Fig. 3 were obtained21'22 for a low Mach number flow
(C/*f = 31.3 ft/s, 77 = 73.6°F) in air. In the test section, mea-
surements were carried out over a flat plate 8 ft long.at con-
stant surface temperature (Tw = 98.7°F) in air. In the experi-
mental configuration, the flow was tripped upstream of the
test section in the entrance region and, for this reason, it is not
possible to completely simulate the starting conditions in the
computations; in order to provide a reasonable initial condi-
tion to start the calculation, it was assumed (as input to the
ABLE code6) that the plate extended 6 in. in the upstream
direction, with transition occurring in the range from 3 to 6 in.
from the leading edge. The creation of this initial condition is
somewhat arbitrary, but it is evident that the calculation pro-
duces results that are consistent with the experimental data.

The important feature that should be noted from Fig. 3 is
that the EF method results agree well with the predictions of
the conventional method.6'18 It may be observed in Fig. 3
that, at the switch point (which is somewhat downstream of

Cfx102

Conventional method

L Present method

Exp. data

S

a) Skin friction

UeStxl02
 u

/ Conventional method

- Present method

O Exp. data

b) Heat transfer

Fig. 3 Calculated results for a flat plate boundary layer.
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Ctx102

d*x102

Present methodx

b) Displacement thickness

UaStxio2 0.4

a Exp. data

Conventional method

Present method

c) Heat transfer

Fig. 4 Calculated results for a heated turbine blade.

the end of the transition region near s = 0.15), there is a discon-
tinuous slope in the computed quantities, as the calculation
changes from the conventional method6 to the EF formula-
tion. These rapid initial changes are to be expected, since the
problem formulation, as well as the turbulence models, change
at the switch point. It may be observed, however, that the
effect is not significant and that the correspondence between
the results for the two approaches is quite reasonable ^t sta-
tions downstream.

A second example considered here corresponds to tran-
sitional flow over the suction surface of a heated turbine
blade, for which experiments were carried out in air by Gra-
ziani et al.23 The flow conditions were p*e = 14.7 lbf/in.2,
r,* = 530°R, and <?* = 416 Btu/hr-ft, and in the experiments
transition was observed from 5-* = 3 in. to s* = 8 in. from thq
point of attachment on the suction surface. Calculations in this
case were carried out with a variable mesh in the 17 direction
(with 101 points across the boundary layer, as in Ref. 6) arid
100 mesh points uniformly distributed in the stream wise direc-
tion; at the location where the calculation was switched to the

Cfx102

Conventional method

Present method

0.0 02 0.4 0.6 OJ 10

a) Skin friction

d*x102

Present method

S

b) Displacement thickness

Fig. 5 Calculated results for axisymmetric transonic flow.

EF method, the number of mesh points was reduced to 50
(across the outer layer). The results are plotted in Fig. 4 and
again the EF computed values for skin friction, displacement
thickness, and Stanton number show good agreement with
continuation of the conventional procedure, as well as with the
experimental data.

The third example considered here corresponds to transonic
turbulent flow along a cylindrical body, which thickens into an
axisymmetric bump.6'24 The flow conditions in the analysis are
Me=0.85, A* = 14.7 lbf/in.2, r,*=519°R and the wall was
assumed to be adiabatic. Calculations were initiated from a
solution of the laminar compressible similarity equations for
an axisymmetric body with a cone angle of 0 deg and with a
nonuniform mesh with 101 points across the boundary layer.6
There were 100 points uniformly distributed in the stream wise
direction, and, at the switch to the EF method, the number of
mesh points in the normal direction was reduced to 50. In this
example, the flow speeds are transonic and a shock wave devel-
ops near the top of the bump. Calculations were carried out
until just upstream of the shock wave. Computed results for
skin friction and displacement thickness are plotted in Fig. 5,
where it may be observed that good agreement with the con-
ventional method6 is again obtained.

A second means of initiating the boundary-layer integration
was also considered,18 in which the initial velocity and enthalpy
profiles in the fully turbulent regime were obtained in a man-
ner independent of the ABLE code. In this method, the pro-
files at a given streamwise location were represented as a mem-
ber of a one-parameter family of turbulent similarity profiles;
the method is described in Ref. 18. Computed results18 using
this method for starting the boundary-layer integrations also
show very good agreement with measured data.

VIII. Conclusions
In this study, the EF method for the prediction of turbulent

flows near walls has been shown to be effective. In the tech-
nique, a numerical solution of the outer region equations is
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continually matched to a set of analytical profiles in the wall
layer as the calculations proceeds downstream. There are sev-
eral advantages to this methodology. First, a reduction on the
order of 50% of the total numerical mesh points may be real-
ized, as compared to prediction methods that seek to compute
the flow all the way to the wall through the extremely high
gradient regions. Second, the algorithm is very efficient
since the numerical computations are carried out using very
simple outer region turbulence models and complicated
inner region turbulence models are not needed. Finally, skin
friction and heat transfer coefficients are determined at any
stage from algebraic relations, which are the mathematical
statements that the outer region numerical solutions should
join smoothly to the wall-layer profiles; consequently, there is
no need to numerically differentiate the profiles to compute
such quantities.

The methods described in this paper may be easily extended
to treat more complicated surface conditions (such as wall
blowing) for two-dimensional external flows. Internal flows
are also dpuble-structured, and since the wall-layer structure
is very similar to boundary-layer flows, an extension to two-
dimensional internal flows is easily accomplished. Recently the
present approach has been extende4 for attached three-dimen-
sional flows.25 In principle, the technique could also be
adopted as a boundary condition for full Navier-Stokes solu-
tions in regions where the flow is turbulent and attached; these
types of applications are currently under consideration. It is
likely that the methodology may have its most significant ap-
plication in three-dimensional flows, because of the substan-
tial economies in mesh points that may be achieved.

Appendix: Wall-Layer Model
In this Appendix, the embedded functions for the wall-layer

profiles of velocity and total enthalpy are summarized9'10;
these profiles are analytical functions that can easily be evalu-
ated numerically. Both profiles are of the form

is defined by

U+,0+ =

(Al)

Here, t$ is a parameter (to be determined) and 7#~is the mean
period between bursts in the wall layer, having a typical value10

of TB+ = 110.2. The functions in Eq. (Al) are given by

(A2)

(A3)

(A4)

Here, a0 and A0 are constants whose values are given by

(A5)

for the velocity profiles U +, where C/ is the inner region log-
law constant [c.f., Eq. (19a)], /c is the von Karman constant,
and 70 is Euler's constant. For the total enthalpy profile 0+ ,
replace K with KQ and C/ with Bt in Eq. (A5). For the velocity
profile £/+, the variables apearing in Eq. (Al) are

(A®

whereas for the enthalpy profile 0+ , Y+ is replaced with
~ in Eq. (A6) [c.f., Eq. (l?b)j. Finally, the function 2

(Al)

A list of the properties of this function is given in Ref. 26.
In particular, it may be shown that

as j>-*oo (A8)

At the wall, the profile U+ and 0+ satisfy Eqs. (24) and (25).
For the velocity profile U+

9 these conditions require10 that

0
+)- i - Vtf *«Mo+)- - = ̂KJ L KJ 2

(A9)

= 0 (A10)

For the total enthalpy profile, KQ replaces K in Eqs. (A5), (A9),
and (A 10), and Bf replaces C/ in Eq. (A5); in addition, the right
side of Eq. (A9) is multiplied by VPr.
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